
Eigenvalues of the Laplacian theimmer

In today's lecture we will see yet another application of layer potential
techniques : Eigenvalues of the Laplacian .

To this end
,
leta be a C domain

andconsider

((k2 +4) = u in

-0 ind

The voclues for which a nontrivial solution exists are precisely
the Neumann eigenvalues for the Laplacin .

To make use of layer potential
techniques, recoll that

any solution U to the above admits the representation

ux =S
_
](x + D[u](x) in D

Applying the Neumana boundary condition then yields
u(x) = De[n] (x) inD

Usi the jump relations ,
we obtain that on

they boundary it much hold that

wal. = 1u(x))
.

+ KIUD(X) indD
>

0 = - 1u(x)- + k[ul .](X) inCD

I
.

e .

ut is an eigen function of K associated to "
.

To properly
justify this claim

,
we need to show thatul does not

identically vanish onGe

Thus supposea wounishes on McGr Let B be a

small ball s
.
t. Bazd : N

.
We define

S
Xe Be h

n(x) =E else ↓



Then H " (B) and for any yes
Sorg - Kgdx =0

Elliptic regularityimpliesthatitis analyticnaby
the identity principle : Since a vanishes on 5

,
fooxer

all tangential derivatives vanish. As it is a Neumann made,
its normal derivative also vanishes. Iterating this vergument,
we find that all derivatives of i must vanish,
hencei vanishes identically

There isasimplertrich , using Mellich's identity as

0 = S(Δ + hyu(x - va)

- Shin (X. ru) - loak - ouox dy

= 2Sik" Im (u(x. va)) - Iial"dx

Koull = 0

which together with ulze =0 implies n = 0.

One cen further show the following proposition.

Proposition : -1 + K is investible for all but a discode subset of $.
Moreover , w -> (-1 + K2)is a meromorphic, operator valued function.

On Monday ,
we have seen how we can solve this problem

numerically S

To validate our numerical methods
,

it is always
important to home someaxplicit examples available.



We therefore focus on the case -= B
, (p) a IR%

In spherical wordinates
,

the Laplacian has the form

xx = (d -1)= Naga U

whereago-1 is the Laplace-Beltrami operator .

It thus becomes
=

natural to look for solutions of the form

u(x) = U(kr)V(w)

Separation of variables yield

(h" + (d- 1) +U + u)V + +Us+V=0

where toko
.

We obtain two equations :

i) U" + (d - 1) +
=

u + (1 - X +
*

)U = 0
ii) LgdV = -X

i) is known as the Bessel equation ,
while ii) is

an eigenvalue problem for the spherical Laplacian

Bessel functions :

Bessel's equation is commonly written as

(B) +f" + +A + (+-+f = 0

To see that this is equivalent to i) ,
write A: +*

for some a yet to be decided. This yields

0 = x(x - 1) + 4 - 2

A +2x +
*

A + +
* A + (d- 1)a +

* -

A + (d- 1)+*
-

A
+ (1- * )+A

= + f" + [Gx +
* *

+ (d- 1) +
* =JA' + [a(x - 1)t* - Co. 1) at*-

+ (1- M(z) +]A

=
+x

-2 [ + -A" + + [2x + (d- 1) JA + [a(a 1) +(- 1)a +t- X-3A

Set 2x + (0-1) = = E) a = 1 - /



=
+x

-2 [ + -A" + + [2x + (d- 1) JA + [a(a 1) +(- 1)a +t- X-3A

Set 2x + (1) = = Es a = 1-d/ to obtain

+
- 2 - d [ +

-f" + + A + (t ri)A) = 0

with ve a+ X".

How do we solve this equation? Power-series ansafa :

A(x) = [anxn+

Proposition : Consider the Bessel functions of the first kind

JUCX:=EN(n++1)()an
+

They solve (B).

Proof : Exercise!

Since (B) is a second order ODE
,
there exists a second solution

Proposition : The Bessel function of the secondkim is given by
cos(cit) Ju(X) - J. o

(X)

Yo(X) : =

sin (WiT)

it is also a solution to (B)
Proof : Exercise!

Remoth : For integral values of v,
Yo can still be defined

we limit for X+ 0.

We thus com write the general solution to Bessel's equation
f(x) = A Jo(x) + BYr(X)



Proposition : For U P
,

the following hold

i) Jo is smooth at the origin
ii) Yo has re singulowity of order OCXV) at the

it U20 and OCloyx) if U = 0origin
iii) As Wx-, the following asymptotics hold:

JoC-we (x-I
Yo(X)~ sin (x-

In the literature
,
there exist many kinds of Bessel

functions. For our purposes,
the following will be important

i) spherical Bessel functions of the first and second kind

Ym + d( - 1(X)
im(x,

d) := Im and ym(xd) :=
xn- =

ii) Hankel functions of the first and second kind

H := Jr + :Yo and H = Jo-iYo

iii) Spherical Hanke) functions of the first and second kind

him (x
,
d) = jm(X,d) + iym(X,

d) and him (d) = jm(xd) - i ym (x
,
d)

The Hankel functions are of particular interest to us due to their

asymptotics
1

hhrd) ~ Chr)Ma
expLiCha-Yarm+)

=> This satisfies the Summerfeld radiation condition. In particular,
the fundamental solution is given by

hol-2
G" (D) : = aChatih (d , hm)



Consistency check :

We know from the lecture that the Green's function
for d= 3 is given by

G =

explikr)
4 M

It can be shown that for a odd satisfy
d-1 I-1

;
m (1 +m) !

h(r, d) = ( i) d-2

= eir m ! ((x( (- - m) !

For d= 3 this yields
ikm

h (kr, 3) = - :
to

Thus
ihr

43-2 :h (hnd) =

e
↑

2(2m)(3-=)/2

4

Spherical Harmonics
We now turn to ii)

,
that is solutions of

- ga+V = XV

Denote Pe the space of complex valued polynomials of total
degree less than1

Theorem (Stars and Bars) :

Let n
,

GeIN. The number of INVEO3- rocked k-tooples
whose sum is n is equa to hin (n+ k -1

, k-1)

Proof : The number of such k-tooples is equal to the

number of ways one can separate n stones as in k-1 sticksy
This in ton is equivalent to the number of strings of
size no k - I containing n zeros and k-1 ones

&

But this is

easily seen to be equod to bin (ntk-1
,

4-1).



Denote byPe the space of homogenous polynomials
of degree t in a variables

, using the previous theorem

we easily find

Corollawy : dim Pl = bin (led-1
,
d- 1)

This leads to

Theorem : dim IPS = bin (led
,
d)

Proof : It is easy to see that

dim IPC = dim PS + dimIPE
- dim T

k =0

h

: [bin(k + d- 1
,
d+ 1)

k=0

-bin (l + d
,
d)

Finally ,
we define He the space of homogenous polynomials

of degree 1 in a variables that are harmonic
.

That is
, pett's

satisfies

4p = 0

Lemonce : The space ii is the direct sum of the space Its and 1x-
That is for every pe there exist PatHe, Pac I sit.

p = P1 + (x1p

Proof : Define the scolor product

: PexI-1R , (p , g) < pla x



where we understand = (...,d)
.

We then have

0 = < p , (XPP2 1... 7 is essentially just or

weighted scolor product on

:< PalxK , p > dim(Pfe)

= Pal)p
= < P2<p>

Hence the orthogonal of IxKIP is indeed His

Lemmo : The restriction of Yh to the unit sphere decomposes on

:Yetlistena
whereYe is the restriction of It's to the Sphere go-1

Proof : Immediate consequence of the previous lemmm.

to characterise the harmonic, homogenous polynomials as eigenfunctions
too the spherical loplian, we need the following Common

Lemme: Lety(2(S** and NEIR .
We have

x(r(y(w)) = 0 = - xya1 y = l(l + d-2)y.
Prof :

0 = x(rTy(c))
= (o1) mpN

--y(x) +v(N - 1) py(a) + pl43a-1y(a)
=> r(N + d-2)y(w) = - 4,-1g(u)



This now allows us to
prove the desired theorem

Theorem : (a(S1-1) decomposes a

22(gd-1)=0 Ye

and the spacesYe one orthogonad.

Denoe by Yes an
or thonor mad basis of Ye

.

We have

- Age-1 Ye = lCl+ d. 2) Y

Hence these functions form an or the normal basis of eigen functions
.

In particular ,

the dimension of the eiyenspace associated to

eCled-al is dim Ye-bin (led-G, -2).

Proof : From Stone-Weierstrass (Weierstrass approximation Theorem
we know that the set of polynomials is dense in L"(S1)

·

Hence indeed

((gd-7)= Y
The previous lemma implies that each function yet Ye satisfies

- xgd-+

ye = l(l+ d- 2)

As eigenfunctions to different eigenvalues of a self-adjoint operator
must be outhogonal ,

the spaces Ye are indeed orthogonal to each other.
Next

,

dim Ye=dim-dimPP
= bin (l+-1,

d- 1) - bin (l+ d - 2
,
d-1)

= bindl+ -G
, -2)

and the claim follows by choosing for eachYo an othonormal
basis Yeh.



For-Field expansion
We now wond to use our newly gained knowledge to

understand the four-field behaviour of solutions to the Helmholtz problem.
To this end

,
we expand the fundamental solution in terms of

spherical hormonics

G(X- NW)=im ym(u)JG(x-Ny)T(y)d
gal-t

To compute the integrals

So-1G(x- +g) Ye(y) dy
we will make use of the following two identities :

4) (neYe) = OinIR and (nCeed-2) Yee)=O in 1903

which are the consequence of one of the preceding lemmas.

Define

a(x = (x)2Yem(Y/(X) and VEN = -Cend2)yem(X/(X)

We use Green's second identity to obtoin for xIRd(DR

0 = Saud (x-y)dy=S (x-uG(x)
Br

0 : Sarapalay dy = SvG(x-y) - G(x-yardy + v(x)
BR

GBm Green's second :

Using Us &Redewe w obtain
Syry-po:

2l+-2
0:3 G(x-y)-Red r) dy + R vCX)

GBR



Since = e ru = e petise--cenas it
We find

RheedG(x-y)- Yey =

That is for 1+ 0 :

l -Cled-al

-

R IX) Ye ( *M ) = S G(x-y) Yeh dy
2l + d -2

2BR

Whereas for 10 one ca compute explicitely
-

SG(x -y) dy = G(x) .
12Br/

Br

This yields
-

Proposition : The following expansion holds forda
b

G(x-y) = G(x) -Ye
IldT ||

Gl + -2 Ye
"

( *((x) Y& (y/(y))

One the other hand
, Taylor expansion yields

G(x -y)= (1) < OMG(X) ,47 for (xk(y).

Upon comparing coefficients
,

we find

< PMG(c)
,
17 = (1) m

+1e ! line (c) Te()Zheach

A similar expansion exists for solution of the Helmholtz equation.
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